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Mapping of Complex Traits by Single-Nucleotide Polymorphisms
Lue Ping Zhao, Corinne Aragaki, Li Hsu and Filemon Quiaoit
Quantitative Genetic Epidemiology Group, Division of Public Health Sciences, Fred Hutchinson Cancer Research Center, Seattle

Summary

Molecular geneticists are developing the third-genera-
tion human genome map with single-nucleotide poly-
morphisms (SNPs), which can be assayed via chip-based
microarrays. One use of these SNP markers is the ability
to locate loci that may be responsible for complex traits,
via linkage/linkage-disequilibrium analysis. In this com-
munication, we describe a semiparametric method for
combined linkage/linkage-disequilibrium analysis using
SNP markers. Asymptotic results are obtained for the
estimated parameters, and the finite-sample properties
are evaluated via a simulation study. We also applied
this technique to a simulated genome-scan experiment
for mapping a complex trait with two major genes. This
experiment shows that separate linkage and linkage-dis-
equilibrium analyses correctly detected the signals of
both major genes; but the rates of false-positive signals
seem high. When linkage and linkage-disequilibrium sig-
nals were combined, the analysis yielded much stronger
and clearer signals for the presence of two major genes
than did two separate analyses.

Introduction

Technological advances in molecular genetics have been
a driving force in the rapid progress of the Human Ge-
nome Project and modern human genetics. Shortly after
the construction of the first-generation human genome
map on the basis of RFLPs, researchers developed the
second-generation human genome map, using microsat-
ellite markers (Donis-Keller et al. 1987; Murray et al.
1994). Following these successes, molecular geneticists
are constructing another human genome map, with sin-
gle-nucleotide polymorphisms (SNPs), using chip-based
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microarrays (Chee et al. 1996; Lipshutz 1997; Wang et
al. 1998). The first commercial SNP chip is expected to
contain 2,000 SNP loci, which should be superior, in
information content, to current microsatellite-marker
sets (Kruglyak 1997). Although the density of SNP loci
varies across the genome, the average density is a∼2–3
cM. Among other desirable properties, chip-based mi-
croarrays promise high throughput economically. This
technology will have many uses, including an application
to the mapping of complex traits.

Taking full advantage of the biallelic nature of SNP
markers and of their high density, we introduce a sem-
iparametric method for the mapping of complex traits
via linkage and linkage-disequilibrium analysis. To im-
prove the efficiency of linkage analysis, this method
pools several adjacent SNP loci and estimates an aver-
aged recombination fraction (RF), with use of marker
loci. This averaged estimate may be interpreted as an
RF with a small genome segment of those SNP markers.
Meanwhile, the method estimates parameters quanti-
fying linkage disequilibrium, which is likely, in view of
the high density of SNP markers. Furthermore, combin-
ing both linkage and linkage-disequilibrium analysis,
this method produces a combined test statistic that al-
lows one to detect the presence of both linkage and
linkage disequilibrium. This combined test generally re-
duces the false-positive errors produced by separate
analyses, especially by linkage analysis.

Using this semiparametric approach, we analyze a set
of nuclear-family data simulated in a genome-scan ex-
periment. This experiment simulates two major genes
that are 100 cM apart on a map of 44 SNP markers;
one of these genes confers a high penetrance with low
allele frequency, and the other gene confers a modest
penetrance and modest allele frequency. Analyzing the
simulated genome-scan data, we have found that linkage
analysis has correctly identified two major genes and yet
seems to experience high false-positive errors. On the
other hand, linkage-disequilibrium analysis appears to
capture signals of both major genes. The signals become
much clearer when linkage analysis and linkage-dise-
quilibrium analysis are combined. The limited experi-
ence with this simulated genome-scan experiment indi-
cates the potential utility of SNP markers and of this
semiparametric method in the mapping of complex
traits.
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Figure 1 Sample pedigree, illustrating the phenomenon of link-
age between an SNP marker locus and the putative disease locus and
that of linkage disequilibrium between SNP allele and the putative
disease allele.

Table 1

Allele Distribution, for Putative Genotype
and Marker Genotype

ALLELE AT PUTATIVE

DISEASE LOCUS

DISTRIBUTION OF

MARKER ALLELE

0 1

a n0a � 3 n1a � 0

A n1A � 0 n1A � 1

Material and Methods

Biallelic SNPs

The human genome is full of SNPs; it is estimated that
there is, on average, one SNP locus for every 500–1,000
nucleotides (Wang et al. 1998). These SNPs can be used
as “signposts” for the human genome. Each SNP locus
is commonly expected to be biallelic and polymorphic.
Notationally, let denote a pair of alleles,m � m mk k1 k2

forming an SNP genotype at the kth locus, where
or , corresponding, respec-m (m ) � 1 m (m ) � 0k1 k2 k1 k2

tively, to the presence or absence of the designated allele
(either one of A, C, G, or T), and where k �

for 2,000 SNP loci on the Poly20001,2,...,2,000
GeneChip.

An Introduction to Linkage/Linkage-Disequilibrium
Analysis

For simplicity, consider one SNP marker and one pu-
tative disease locus. Suppose that the disease locus has
deleterious allele “A” and normal allele “a.” Further-
more, consider a nuclear family with two parents and a
son (fig. 1), in which the mother is homozygous at both
the marker locus and the putative disease locus, with
respective genotypes (0F0) and (aFa). She passes the hap-
lotype “0a” to her son. Suppose that the father is het-
erozygous at both the marker locus and the putative
disease locus, with known haplotypes “0a” and “1A,”
respectively. In the absence of recombination for the pa-
ternal meiosis, either 0a or 1A will be passed to his son;
otherwise, in the presence of recombination, either 0A
or 1a will be passed to his son.

Linkage Analysis and RF.—The primary objective of a
linkage analysis is to estimate the RF, which can be used

to determine the genetic distance between the putative
disease locus and the marker locus. The RF is simply a
fraction of recombinants, of all informative meioses. For
example, for data given in figure 1, one can directly
observe an informative paternal meiosis that is a non-
recombinant. Let or denote, respectively,y � 1 y � 0
presence or absence of recombination in the informative
meiosis. Statistically, linkage analysis is equivalent to es-
timating the mean of the recombination—that is, v �

. If the estimated RF is significantly !.5, then oneE(y)
would declare a positive linkage.

Linkage-Disequilibrium Analysis and the Odds Ratio
(OR).—The presence of linkage disequilibrium implies
that the disease allele at the putative disease locus is
associated with an allele at the marker locus. Linkage
disequilibrium is equivalent to the association between
the putative disease allele g and the marker allele m; that
is, they are no longer independent. The allele distribution
for the parental haplotypes in figure 1 is represented in
table 1. One way of capturing the empirical association
between two binary alleles is by use of the OR, via a
logistic regression of the marker allele, given the putative
disease allele; this may be written as

P(m � 1Fg) � 1/[1 � exp (a � bg)] , (1)

where exp(b) is the OR and, hence, b is referred to as
the log OR. If b is significantly different from 0, formula
(1) indicates that m and g are dependent—that is, in
linkage disequilibrium. The intercept a also has an in-
tuitive interpretation under linkage equilibrium, via the
marker-allele frequency, P(m � 1Fg) � P(m � 1) �

. Note that we choose to model1/[1 � exp(a)] P(m �
, instead of , because marker data in map-1Fg) P(g � 1Fm)

ping studies are generally random and because geno-
types, indirectly, via phenotypes, are subject to
ascertainment.

An Introduction to Multipoint Linkage Analysis

A typical mapping study with multiple markers would
generally perform a multipoint linkage analysis. The
multipoint linkage analysis is known to be efficient, be-
cause it incorporates the map information—that is, the
order and distances between markers. Specifically, sup-
pose that M marker loci are ordered linearly with known
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order and known genetic distances; for example, d �1

is the map of M loci, treating the)0 � d � d � � d2 3 M

far-left locus as the reference, where dl is the distance of
the lth marker from the reference point d. Let dx denote
the map position of the putative disease locus. Then, the
RFs of the putative disease locus with all M loci are
functions of dx; that is, , where h(7) is av � h(Fd � dF)xl x l

chosen mapping function—for example, that of Haldane
(1919). While appreciating the efficiency gain by such a
multipoint linkage analysis, one should also realize that
this gain also benefits from the assumption that there
are known genetic distances and additivity of map dis-
tances. Moreover, these predicted RFs from the map may
be incomparable with estimated RFs, because the latter
are generally biased toward null, owing to the misspe-
cification of the segregation models.

An alternative to be considered here is the use of av-
eraged RFs of several loci adjacent to the locus of in-
terest. Specifically, for each locus, one can identify its
neighboring loci and then can estimate an averaged RF
between the putative disease locus and several adjacent
marker loci. In essence, one is smoothing the estimated
RF for the lth locus, by borrowing its neighboring in-
formation, just as the nonparametric estimation of a
function by a smoothing technique (e.g., see Silverman
1990) . Let denote the averaged RF between the lth

—
vl

locus and those loci within its neighborhood. Notation-
ally, , where the summation is over all c loci

— 1v � S vl k�N kc l

in the neighborhood (Nl) of the lth locus. The neigh-
borhood can be defined as those loci within a specified
map distance, if mapping distances of all marker loci
are known. Even if these distances are unknown or are
not trustworthy, the neighborhood can be defined by the
adjacency of marker loci, provided that the order of all
marker loci is unambiguously specified. In the case of
mapping studies with SNP markers, the neighborhoods
can be defined by use of either map distances or the
order of markers, because SNP markers are chosen from
well-established genetic-marker regions, as well as be-
cause the map density is expected to be high. As ex-
pected, the averaged estimate has an improved efficiency,
which may be interpreted as pooling several SNP loci to
achieve the efficiency attained by microsatellite markers.
This pooling strategy may become ineffective, however,
if the chosen neighborhood of the lth locus is too wide
to be specific. In simulation studies to be described, two
SNP loci are pooled.

Practical Difficulties

For our purpose, linkage/linkage-disequilibrium anal-
ysis may be thought of as estimating RF for linkage and
as estimating log OR for linkage disequilibrium. How-
ever, in human studies, the analysis will encounter sev-
eral practical difficulties. First of all, the putative disease
alleles are generally unobserved and need to be inferred

on the basis of the observed phenotypes and their fa-
milial aggregation. Second, even if putative disease allele
is inferred to be heterozygous, the parental origins of
putative disease alleles among all family members are
unknown and hence must be numerated in the calcu-
lation. Third, the parental origins of marker alleles
among family members may be partially determined.
Consequently, haplotyping information may not be
available. Fourth, to overcome the loss of heterozygosity
with SNP markers, one must consider multipoint linkage
analysis to improve linkage-analysis efficiency, but the
computation is a challenge.

Notation

Consider a family study that ascertains I ( )i � 1, ) ,I
families, each of which includes ni ( ) familyj � 1, ) ,ni

members. For the j th member in the ith family, the
phenotype, SNP markers, and other covariates are col-
lected. Let dij denote the phenotype, which
may be binary, continuous, or censored. Let m �ij

denote M SNP markers ((m ,m , ) ,m ) M � 2,000ij1 ij2 ijM

for the Poly2000 GeneChip), where each m �ijk

represents the pair of alleles forming the′(m ,m )ijk1 ijk2

marker genotype and each or denotesm � 1 m � 0ijkl ijkl

the presence or absence, respectively, of the designated
marker allele. Let xij denote a vector of covariates such
as known candidate genes or known environmental fac-
tors, which may influence the penetrance function jointly
with the putative disease gene. For simplicity, we use the
notation Di, Mi, and Xi to denote data ,(d , ) ,d )i1 ini

, and , respectively, from the ith(m , ) ,m ) (x , ) ,x )i1 in i1 ini i

family. The goal of the analysis is to locate the putative
disease gene. The putative disease genotype consists of
paired alleles, denoted by gij1 and gij2. Given the parental
origin of each allele, the genotype may take one of four
possible genotypes—a/a, A/A, a/A, or A/a—in which the
first allele in the pair is paternal and the other is ma-
ternal. For simplicity, let denote the ge-g � (g ,g )ij ij1 ij2

notype at the putative disease locus. For all marker loci,
the parental origins of marker genotypes may be par-
tially determined; for example, the parental origin of an
allele in a homozygous genotype is known, and the pa-
rental origin of an allele in a heterozygous genotype in
a nonfounder may be determined by comparing it with
his or her father’s or mother’s marker genotypes. For
the remaining markers, let or at the kthp � 0 p � 1ijk ijk

marker locus denote that the first allele is maternally
derived or paternally derived, respectively (phase indi-
cator). Let . Now, we let Gi and Pi de-p � (p , ) ,p )ij ij1 ijM

note ( and , respectively.g , ) ,g ) (p , ) ,p )i1 in i1 ini i

An Estimating Equation Method

The primary objective of linkage/linkage-disequilib-
rium analysis is to estimate RFs and ORs. Traditionally,
the maximum-likelihood approach is used as a method
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to estimate these parameters. Although conceptually
straightforward, this approach has experienced many
challenges, including violations to distributional as-
sumptions and excessive computational burden. To
overcome these problems, we have proposed an esti-
mating-equation approach (Zhao et al. 1998, and in
press). This approach is made possible by the score-
estimating equation of the likelihood approach, without
requiring all of the distributional assumptions, the con-
ditional independence in particular. Hence, the estimat-
ing-equation approach is semiparametric and is expected
to be more robust than the likelihood approach. In the
Appendix, we have derived a score-estimating equation
for estimation of the RFs and the ORs, and we have
computed key quantities for a nuclear family. Specifi-
cally, the score-estimating equation for one marker locus
may be written as

′Z F� j j
j�F� D,M,X , (2)F1[ ]{ }(Y � R v)� j j

v(1 � v)j�F

where �(7FD,M,X) is the conditional expectation of the
“full score function,” given observed data; Sj�F and Sj�F

are summations over founders and nonfounders, re-
spectively; Fj is a vector of residuals; Zj is the corre-
sponding design matrix (to be detailed below); Rj is the
count of informative meioses on both paternal and ma-
ternal sides; and Yj is the count of recombinants from
both sides. This simple score-estimating equation can
now be used to construct the estimating equation for
both two-point linkage analysis and then multipoint
linkage analysis.

Estimating Equation for Two-Point Linkage Analy-
sis.—As a relatively recent development in statistics, the
estimating-equation technique has been successfully ap-
plied to a number of biological problems (Liang and
Zeger 1986; Zhao et al. 1992). Conceptually, the esti-
mating equation is defined as an equation that yields a
consistent and normally distributed estimate. In the cur-
rent context, one can take the above-described score
function (2) as an estimating equation, without making
the same distributional assumptions that are used to de-
rive the score-estimating equation. The following dis-
cussion centers around the description of the estimating
equation for two-point linkage analysis ( .M � 1)

Suppose that there is a family study with I independent
families and observed data (Di,Mi,Xi), as defined above.
Following the construction of score function (2), one
may choose the estimating equation for (a,b,v) to be

u(a,b,v) � u (a,b,v)� i
i

u (a,b)� ij
j�F∗ i� � D ,M ,X , � 0 , (3)� i i iF

i [ ]{ }u (v)� ij
j�F

where the superscript “*” in e*(7FDi,Mi,Xi) is used to
differentiate this “expectation” from the expectation
used in the score function, where uij(a,b) and uij(v) are
estimating functions for estimation of (a,b) and v, re-
spectively. These estimating functions may be written,
respectively, as and ,′u (a,b) � Z F u (v) � Y � R vij ij ij ij ij ij

where

m � E(m F p ,g )ij1 ij1 ij ij
F �ij [ ]m � E(m F p ,g )ij2 ij2 ij ij

and

1 1
Z � ,ij [ ]— —p g � p g p g � p gij ij1 ij ij2 ij ij2 ij ij1

is specified by logisticE(m Fp ,g ) � P(m � 1Fp ,g )ijk ij ij ijk ij ij

regression (1) ( and ). If the primary interestk � 1 k � 2
is in the map distance, , estimating equation (3)v � M(d)
can still be used, after a modification to uij(v),
via , which may beu (d) � {[�M(d)]/�d}[Y � R M(d)]ij ij ij

thought of as a simple transformation from v to d. Ob-
viously, estimating equation (3) is fully specified, pro-
vided that the “expectation,” e*(7FDi,Mi,Xi), is availa-
ble. Hereafter, this “conditional expectation” is referred
to as “E*.”

The choice and computation of E* have been de-
scribed elsewhere (Zhao et al. 1998, and in press). Fun-
damentally, the only requirement in choosing E* is that
its marginal expectation, with respect to marker data,
given the phenotypes, equals zero. For example, if the
distribution f(Gi,PiFDi,Mi,Xi) is specified, the conditional
expectation in the score function can be chosen as E*.
The only challenge to this choice is the computation,
which involves summation over all putative disease
genes and related phases and which potentially increases,
at an exponential rate, with the number of founders. To
avoid the above-described distributional assumption and
to reduce the computational burden, we have introduced
another approach to choosing and computing this ex-
pectation (Zhao et al. 1998, and in press). Our approach
first decomposes a pedigree into a series of successive
nuclear families (a nuclear family precedes another if
one child in the former nuclear family is a parent in the
latter nuclear family). Within each nuclear family, one
computes the corresponding E* with a distribution func-
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tion that is appropriate for that nuclear family. Conse-
quently, the computational burden increases linearly
with the number of nuclear families.

Estimating equation (3) has a simple and intuitive ex-
pression but may lead to the deceptive impression that
recombination fractions and linkage-disequilibrium
odds ratios are uncorrelated, because ORs are estimated
by means of data from founders and RFs are estimated
from data from nonfounders. This impression would be
correct if all putative disease genotypes and parental
origins of all marker alleles were observed. In general,
however, estimated RFs and ORs are correlated: the
ORs, if different from those of the null hypothesis,
would help in the identification of haplotypes among
founders and hence would improve the efficiency of the
estimation of the RFs. On the other hand, the RFs, if
close to zero, would help in the identification, on the
basis of information about their children’s haplotypes,
of haplotypes among founders. These interdependence
relationships are implicitly specified via expectation
e*FDi,Mi,Xi).

Estimating Equations for Multipoint Linkage Analy-
sis.—The Poly2000 GeneChip provides densely distrib-
uted SNP markers, which are expected to provide more
information via multipoint linkage than via two-point
linkage analysis. As noted earlier, in the description of
multipoint linkage analysis, the multipoint analysis to
be considered here is to estimate an averaged RF, , at

—
vl

the lth locus, with its adjacent c SNP loci. Now, let
denote the log ORs between the putative′b � (b , ) ,b )1 c

disease gene and all c neighboring SNP makers. Simi-
larly, let denote the corresponding in-′a � (a , ) ,a )1 c

tercepts in logistic regression (1).
Following a similar derivation for the two-point link-

age analysis, we have derived the score-estimating equa-
tion under a likelihood function with multiple loci (Zhao
et al., in press). Although the general formulation is com-
plicated by the presence of the interference, it shares an
expression similar to that of score function (2), when
interferences between loci are absent. Intuitively, the es-
timating equation for the multipoint loci can be naturally
viewed as an extension of estimating equation (3). Sup-
pose that there is a family study with I independent
families and observed data (Di,Mi,Xi), as defined above.
Extending estimating equation (3), one may estimate
(a,b, ) for the multipoint linkage analysis, via solution

—
vl

of the following estimating equation:

u(a,b,v) � u (a,b,v)� i
i

′Z F�j�F ij iji∗� � D ,M ,X � 0 , (4)� i i iF—{[ ] }ci (Y � R v )� �j�F k�1 ijk ijk l

where is a column vector of Zij1Fij1, . . . , and ZijcFijc
′Z Fij ij

and each and are defined as in estimating equationZ Fijk ijk

(3), although for the kth marker locus. Note that the
summation, , is introduced as a derivative functionc�k�1

of those RFs with respect to , which equals a vector
—
vl

of ones.
Because of the linearity in the expression of and′Z Fij ij

, one can move the expectation so that
—c� (Y � R v )k�1 ijk ijk l

it is locus specific, resulting in

u(a,b,v) �

∗ ′� (Z F FD ,M ,X )1 ij1 ij1 i i iU I∗ ′�j�Fi � (Z F FD ,M ,X )c ijc ijc i i i� —c ∗{ }i � (Y � R vFD ,M ,X )� �j�F k�1 k ijk ijk l i i i

in which all E* values can be computed as specific to
each locus. This formulation suggests that one can now
compute a locus-specific E*, (7FDi,Mi,Xi) for each in-∗�k

dividual marker locus, rather than having to sum over
all possible configurations of c SNP marker loci. Hence,
the computational burden of the multipoint linkage
analysis increases with the number of loci, c. The locus-
specific calculation of these expectations, (7FDi,Mi,Xi),

∗�k

follows that in the two-point linkage analysis.

A Mapping Strategy

The preceding section has described an estimating
equation that can be used to estimate RFs and ORs for
the linkage and linkage-disequilibrium analyses jointly.
The estimating-equation approach is applicable to all
types of pedigrees with various phenotypes and allows
one to incorporate candidate genes and environmental
factors, and its computational burden increases linearly
with the sizes of the families and with the number of
loci in the analysis. Using this approach, one can design
various mapping strategies with estimated RFs and ORs.
The strategy to be considered here is to jointly estimate
RFs and ORs throughout the genome and to estimate
averaged RFs on the basis of several adjacent SNP loci.

Because of the joint estimation of RFs and ORs, both
statistics can be used for making inferences about signals
arising from the presence of linkage, from the presence
of linkage disequilibrium, or from both. Figure 2 iden-
tifies four regions indexed by estimated RFs and ORs;
when both the RF and the log OR are at approximately
their respective null values, there is apparently no signal.
On the other hand, the presence of both linkage and
linkage disequilibrium yields a strong signal. In practice,
this signal could be captured either by linkage only or
by linkage disequilibrium only. In figure 2, a fictitious
estimator, with its confidence region plotted, shows pres-
ence of the signal. However, if only the signal captured
by linkage or only the signal captured by linkage dise-
quilibrium signal is considered, it may not be detectable
at a statistically significance level. Note that use of joint
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Figure 2 Illustration of a combined linkage/linkage-disequilibrium analysis with one SNP marker

estimation and inference has a motivation similar to that
underlying the disequilibrium-transmission test (TDT)
(Self et al. 1991; Ewens and Spielman 1995; Risch and
Merikangas 1996). The choice of this mapping strategy
dictates both how to estimate and how to makeˆ ˆˆ(a,b,v),
an inference about the putative disease genes.

Estimation and Inference

Following the mapping strategy outlined above, this
section describes both an algorithm for estimation of
parameters and the procedure for making an in-ˆ ˆˆ(a,b,v)
ference. Just as in the maximum-likelihood calculation,
the estimator satisfies the estimating equation,ˆ ˆˆ(a,b,v)

, and thus is a solution to this equation.ˆ ˆˆu(a,b,v) � 0
Since there is no explicit solution to this equation, one
generally has to solve the equation iteratively, using an
algorithm such as the Newton-Raphson method. After
experiencing numerical instability with a naive joint es-
timation of , we have modified the Newton-Raph-ˆ ˆˆ(a,b,v)
son algorithm by enumerating a series of RF values and
iteratively estimating . Consider an estimation with(a,b)
c adjacent loci, estimating an averaged RF jointly with
vectors and . Pro-′ ′a � (a ,a , ) ,a ) b � (b ,b , ) ,b )1 2 c 1 2 c

filing over a series of RFs between 0 and .5—for ex-
ample, v0—one solves the estimating equation corre-
sponding to (a,b). Starting from (a0,b0), one iterates to
a new value, (a1,b1), via

�1

�u(a ,b Fv )a a 0 0 01 0� � u(a ,b Fv ) ,0 0 0( ) ( ) [ ]b b �(a ,b )1 0 0 0

where u(a0,b0Fv0) is the part of estimating equation (4)
corresponding to (a,b) and where all quantities on the
left-hand side of the equation are evaluated at the initial
value (a0,b0). This iterative procedure continues until the
convergence of all elements in (a,b); at the convergence,
the estimated parameter is a function of v0, denoted by
a(v0) and b(v0). With this estimate, one can now evaluate
the estimating function u(v0Fa0,b0), which is part of es-
timating equation (4) corresponding to v. By directly
inspecting this estimating function u(v0Fa0,b0) over a
range of v0, one can immediately identify the solution
at which .ˆ ˆˆu(vFa,b) � 0

Estimated parameters have desirable asymptotic prop-
erties that can be used for making inference. As noted
above, the estimating function results from the sum-
mation of independent pedigrees. As the number of in-
dependent pedigrees becomes large, the estimator has an
asymptotic-normal distribution, following directly from
the central-limit theory applied to the summation of
independent pedigree-specific estimating functions,
ui(a,b,v). As long as , the estimating func-E[u (a,b,v)] � 0i

tion, , has an asymptotic-normal distribution� u (a,b,v)i i

with zero mean and with an asymptotic-variance matrix
that can be easily estimated by .�1 ′ˆ ˆ ˆ ˆˆ ˆI S u (a,b,v)u (a,b,v)i i i
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This asymptotic-normal distribution can now be used to
construct a test statistic that is comparable to the score
test (e.g., see Zhao et al. 1998, and in press). By Taylor
expansion, one can show that the estimator is consistent
and has an asymptotic-normal distribution, by means of
the asymptotic-variance matrix

ˆ ˆˆ�u (a,b,v)i ′ˆ ˆ ˆ ˆˆ ˆI u (a,b,v)u (a,b,v)� � i i[ ][ ]�(a,b,v)i i

ˆ ˆˆ�u (a,b,v)i# .�[ ]�(a,b,v)i

This asymptotic-normal distribution can be used to con-
struct test statistics for the estimator, as well as for the
confidence region, such as those shown in figure 2.

It is important to recognize, however, that some link-
age studies have a limited number of families but include
multigenerational families with many founders. Al-
though the tendency has not been rigorously proved,
conventional wisdom suggests that the estimated param-
eters should approach an asymptotic-normal distribu-
tion as family size—and, hence, the number of
founders—becomes large (R. Elston, personal commu-
nication). Nevertheless, this claim for the asymptotic
property remains to be verified.

Simulation Study

We consider two limited simulation studies, (a) to as-
sess asymptotic properties within the finite sample and
(b) to illustrate the utility of the technique for the map-
ping of complex traits by means of SNP markers.
Throughout both simulation studies, we consider 200
nuclear families, each with two parents and four chil-
dren. Families are ascertained only if they include three
or more affected members. In assessing finite-sample
properties, the first study simulates a map of 10 SNP
loci, in which an equal distance of 10 cM is assumed.
Using this map, we suppose that this putative disease
gene conveys a binary phenotype with ; forlog OR � 5
example, carriers confer 73% risk, and noncarriers con-
fer 2% risk. To differentiate between this OR in the
penetrance and the log OR b for linkage disequilibrium,
let us refer to this as the “log penetrance OR,” which
hereafter will be denoted as “ l.” The allele frequency
is assumed to be .01. The simulated putative disease-
gene locus is between the second and third loci, with

cM, and the putative disease allele is in linkageRF � 6
disequilibrium with the marker alleles in adjacent loci
and has a log OR of . The study has 50 replicates.b � 2
In each replicate, the study simulates nuclear-family data

and estimates both RFs and ORs. In this study, we chose
to pool two adjacent loci and to estimate pooled RFs.
These estimates are used to evaluate finite-sample prop-
erties of interest, via evaluation of their distributions (fig.
3).

To illustrate this new method for the mapping of com-
plex traits by means of SNP markers, the second study
simulates a map of 44 SNP loci with an equal distance
of 5 cM, representing an average number of Poly2000
GeneChip SNP loci per chromosomal arm (shown in fig.
4). This study simulates one genome-scan experiment,
just as if a single linkage study were being conducted.
In this example, we simulate two major genes, one of
which is between locus 4 and locus 5, with onv � .03
both sides, and the other of which is between locus 24
and locus 25, with v values of .01 and .05, respectively.
The first putative disease gene has a modest penetrance,
with among carriers, and allele frequency .01. Thel � 4
second putative disease gene confers a low penetrance,
with among carriers, and allele frequency .05.l � 2.3
Both genes are in linkage disequilibrium with their ad-
jacent SNP markers, with log OR of . To improveb � 2
the efficiency of the estimation, we estimate the averaged
RF with an adjacent-locus SNP marker. Because there
are two major genes, any linkage analysis of one putative
disease gene would consider the other gene as the pres-
ence of the genetic heterogeneity. To retain the realistic
aspect of linkage analysis, we perform two linkage anal-
yses under their respective segregation models—that is,
a single-gene model with assumed and allele fre-l � 4
quency .01 and another single-gene model with l �

and the allele frequency .05. Consequently, for the2.3
analysis, both single-gene models are considered to be
an incorrect specification of two-gene models. Addi-
tional genome-scan experiments on other complex traits
have also been conducted and analyzed, and results from
them will be reported elsewhere (Zhao et al., in press).

Results

Finite-Sample Properties

Figure 3 shows distributions of estimated averaged
RFs for paired SNP loci—that is, loci 1 and 2, loci 2
and 3, etc.—in the two left-hand columns, as well as
estimated ORs for each SNP locus, in the two right-
hand two columns. To examine the distributions of these
estimates, we compute the density functions of these lim-
ited replicates, using kernel estimation (e.g., see Silver-
man 1990). By observing RF distributions, one can see
that the distributions of estimated ORs are approxi-
mately truncated normal distributions. The distribution
of the averaged RF with loci 2 and 3 is on the far left,
and those with loci 1 and 2 and loci 3 and 4 also show
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Figure 3 Distributions of estimated RFs (left-hand two columns) from linkage analysis and of estimated log ORs (right-hand two columns)
from linkage-disequilibrium analysis, estimated on the basis of 50 replicates in the simulation study. In the left-hand two columns, the pattern
of these distributions indicates that the putative disease locus is closer to marker loci 2 and 3 and is farther from both marker locus 1, on the
left-hand side, and marker loci 4–10; in the right-hand two columns, the pattern of these distributions indicates that the putative disease allele
is in linkage disequilibrium with alleles at marker loci 2 and 3 and is in linkage equilibrium with alleles at the other marker loci.

positive linkage signals. The distributions of the aver-
aged RFs for loci 4 and 5, loci 5 and 6, loci 6 and 7,
loci 7 and 8, loci 8 and 9, and loci 9 and 10 shift toward
the null, indicating that these loci are increasingly distant
from the putative disease locus. However, their bimo-
dality causes some concern, since this phenomenon
needs special attention when confidence bands for link-
age-based genome scans are estimated.

Distributions of the estimated ORs offer much clearer
signals with respect to the position of the putative disease
gene. Distributions of the ORs for loci 2 and 3 center
around 2, the true value, and appear to be symmetrical.

On the other hand, distributions of ORs for loci 1 and
4–10 center around 0, indicating linkage equilibrium
between the putative disease allele and all these SNP loci.

A Simulated Genome-Scan Experiment

Figure 5 shows estimated RFs and ORs for 44 SNP
loci; the dotted and dashed lines are for estimates ob-
tained under the segregation models for the modest-pen-
etrance (first) and the low-penetrance (second) disease
genes, respectively. The top panel of figure 5 shows the
estimates of RF. It appears that the estimates under the
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Figure 4 Simulation experiment generating a map with 44 SNP markers and localizing two major disease genes, the first of which has
a modest penetrance and is between marker loci 4 and 5 and the second of which has a low penetrance and is between loci 24 and 25. The
objective of this simulation experiment is to illustrate the utility of the semiparametric method in the mapping of a complex trait via a genomewide
linkage/linkage-disequilibrium analysis.

modest-penetrance model are biased toward null. How-
ever, the linkage signals, especially those for the first
putative disease gene, are rather noticeable. Throughout
the genome, these estimates are more biased toward the
null than are those under the with low-penetrance seg-
regation model. However, under the second model, it
appears that there are more false-positive leads. Nev-
ertheless, it is important to recognize that linkage anal-
ysis has not missed the signals of both putative disease
genes, despite the misspecification of the segregation
models.

The middle panel of figure 5 shows the estimated log
ORs under the two segregation models. In a reversal of
the pattern of biases, estimated log ORs under the sec-
ond model tend to be more biased toward the null than
are those under the first model. Nevertheless, both sets
of estimates show a consistent pattern of linkage-dise-
quilibrium signals and have correctly detected two pu-
tative disease loci, with a couple of false-positive leads.
At the detected loci, estimated log ORs are ∼0.5, which
is substantially biased away from the true value of 2.
This observation indicates that misspecification of the
penetrance function has substantial influence on the es-
timation of ORs.

Multiplying the log OR and (.5 � RF) results in com-
bined linkage/linkage-disequilibrium estimators, which
are shown in the bottom panel of figure 5. Interestingly,
this combined estimator detects precisely the locations
of both putative disease genes. Moreover, it appears that
estimators under two separate segregation models give
fairly comparable results, demonstrating the robustness
property against the misspecification of the segregation
model. Although favorable, this result should be inter-
preted in the context of this particular simulation ex-
periment and should not be overly interpreted at this
time (see the Discussion section, below).

Discussion

This article has introduced a method for the mapping
of complex traits via linkage analysis and linkage-dise-

quilibrium analysis, with SNP markers. In comparison
with other methods for the mapping of complex traits,
this approach takes advantage of the biallelic nature of
SNP markers, so that linkage disequilibrium can be nat-
urally quantified via ORs, and the computational burden
therefore is reduced. The joint estimation of the linkage/
linkage-disequilibrium parameters allows one to make
inferences about both aspects of the complex traits si-
multaneously, yielding more information. Furthermore,
taking advantage of the high density of the SNP markers,
one can pool several adjacent SNP loci in estimation of
an averaged RF, thereby improving efficiency. Since this
approach is semiparametric, it requires weaker assump-
tions than are required by the likelihood method, and
it is more efficient than model-free (or nonparametric)
methods. Besides, as a special member in this semipar-
ametric framework, it retains all of the desirable prop-
erties. Specifically, this approach can handle binary, con-
tinuous, and censored phenotypes; allows one to
incorporate all covariates in the investigation of gene/
gene and gene/environmental interactions; and is able to
take into account any pedigree structures (e.g., relative
pairs, affected-relative clusters, nuclear families, or ex-
tended pedigrees). A limited simulation study indicates
that the estimator has desirable finite-sample properties.
Analyzing the simulated example, we have shown that
(a) linkage analysis has correctly detected the presence
of both putative disease loci, along with a few false-
positive signals, (b) linkage disequilibrium seems to sug-
gest the correct locations of both putative disease genes,
and (c) the combined linkage/linkage-disequilibrium
analysis has given a clear signal for both putative disease
genes, in the presence of the genetic heterogeneity. This
result suggests that SNP markers, if analyzed appropri-
ately, can be used effectively for the mapping of complex
traits.

We need to interpret these results cautiously, recog-
nizing the limitations of our simulation experiments. Let
us specifically consider alternative scenarios, in which
the proposed approach may fail. First, if the putative
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Figure 5 Results obtained from a genome-scan experiment based on linkage analysis, linkage-disequilibrium analysis, and combined
linkage/linkage-disequilibrium analysis. The dotted lines indicate the results obtained with the segregation model for the gene with modest
penetrance (between loci 4 and 5), where the dashed lines indicate those obtained with the segregation model for the gene with low penetrance
(between loci 24 and 25).

disease gene is in linkage equilibrium with adjacent SNP
markers, the linkage-disequilibrium test, as well as the
combined linkage/linkage-disequilibrium test, would in-
evitably fail to detect any relevant signals. Hence, the
only reliable information is the linkage results, which
may include many false-positive findings, as has been
shown in the simulation experiment. It is also known,
from population-genetics theory, that linkage equilib-
rium may well occur if the mutations have been intro-
duced into the population for “millions of generations”
or if multiple mutations have occurred during evolution.
Second, the marker frequency at all SNP loci is assumed
to be .50, which is optimal for linkage analysis. In prac-
tice, only an extreme deviation from the .50 frequency
may decrease the efficiency of linkage analysis—and,
hence, may fail to detect linkage signals. Third, the sim-

ulation study has a full knowledge of the true genetic
mechanism and has specified two segregation models
that approximate the underlying true models. Without
this information, an incorrect segregation model may
mislead the analysis; of course, other model-based meth-
ods for the mapping of complex traits face the same
difficulty. Fourth, the genome-scan experiment simulates
nuclear-family data, which are most favorable for link-
age-disequilibrium analysis but not for linkage analysis.
If large but few families are included, such simulated
data may have more information about linkage than
about linkage disequilibrium. If linkage and linkage dis-
equilibrium are naively combined, one may fail to lo-
calize putative disease loci.

In choosing a measurement for linkage disequilibrium,
we have considered several alternative measurements be-
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sides log OR b. Traditionally, the correlation coefficient
is often used to characterize an empirical association
between two random variables. However, the value of
the correlation coefficient is generally bounded by the
marginal frequencies. In the case of SNPs, allele fre-
quencies vary widely among SNP loci, and thus the cor-
relation coefficients for SNP alleles and the putative dis-
ease allele have different boundaries, which prohibits a
direct comparison among correlations that have differ-
ent SNPs.

Besides the correlation coefficient and OR, several
other measures have been introduced to quantify link-
age-disequilibrium in the context of population genetics;
they have been reviewed by Devlin and Risch (1995)
and have then been further studied by Guo (1997). Al-
though valuable, their conclusions from both analytic
and simulation studies should be interpreted in the con-
text of the specific evolutionary model. For example, the
covariance between marker and putative genotype has
been shown to be preferred in the specific evolutionary
model (Devlin and Risch 1995). However, the covari-
ance as an empirical measurement of an association be-
tween two variables is known to be sensitive to the mar-
ginal means of these variables, and, furthermore, if two
variables are binary, the covariance is further bounded
by functions of these means. These restrictions would
increase difficulties in the comparison of covariances
from many SNP loci that have different allele
frequencies.

In designing our simulation study, we have chosen the
study design with nuclear families with multiple affects,
primarily for the simplicity and efficiency in the com-
pletion of the calculation. Because the semiparametric
framework is robust against the ascertainment bias and
because the nuclear family is the fundamental structure
for all pedigree analysis, we conjecture that observations
made in this paper are likely to hold. Nevertheless, it is
important to assess the utilities of SNP markers and of
this semiparametric method under different design sce-
narios—for example, affected sibling pairs, nuclear fam-
ilies with a single ascertainment, extended pedigrees, and
mixtures of these family structures. This work will be
performed and reported in the future.

This semiparametric method is closely related to meth-
ods that have been developed, in the past, for linkage
analysis and for linkage-disequilibrium analysis. With
regard to linkage/linkage-disequilibrium analysis, earlier
methods include those model-free methods that do not
require specification of the mode of inheritance. For ex-
ample, in linkage studies of affected relative pairs, one
method tests whether the observed marker loci in the
relative pairs are more identical by descent than by
chance (Kruglyak et al. 1995; Kruglyak and Lander
1995; Whittemore 1996). Another method is the trans-
mission/disequilibrium test (TDT), which is designed to

test the presence of both linkage and linkage disequilib-
rium between a marker locus and putative disease locus
(Self et al. 1991; Spielman et al. 1993; Schaid and Som-
mer 1994; Ewens and Spielman 1995; Risch and Mer-
ikangas 1996; Martin et al. 1997). Although robust,
model-free methods suffer potential loss of efficiency
because they do not account for any knowledge about
disease etiology. Alternatively, either model-based (or
parametric) methods based on likelihood theory or
LOD-score methods can also be used for the mapping
of complex traits, but they require assumptions of seg-
regation models for putative disease genes. Model-based
linkage analysis estimates genetic distances, or RFs, of
genetic marker loci by means of a putative disease locus
(Ott 1989). Similarly, model-based linkage-disequilib-
rium analysis estimates association parameters that
quantify the deviation from linkage equilibrium. Such
associations may result from cosegregation during ev-
olution (Xiong and Guo 1997). Although efficient,
model-based methods have (a) high computational needs
and (b) strong distributional assumptions—in particular,
the conditional independence of phenotypes within fam-
ilies, given putative disease genes for the likelihood
methods.

Now let us compare the semiparametric method with
these model-based and model-free methods, for mapping
studies. First, compared with methods for linkage anal-
ysis, the semiparametric-method approach may be pre-
ferred to LOD-score methods, because of computational
efficiency and inferential robustness, but may be criti-
cized for the possible efficiency loss; compared with
model-free methods, advantages of this approach in-
clude (a) efficiency gain, (b) ability to estimate RFs, and
(c) ability to include putative disease genes that interact
with covariates, including candidate genes and environ-
mental factors. The main disadvantage is the require-
ment of assuming a major-gene model, which is not
needed by model-free methods, partly because model-
free methods test strictly under the null hypothesis (i.e.,
no linkage/linkage equilibrium). However, limited sim-
ulation studies that we have conducted indicate that this
approach retains an asymptotic distribution under the
null hypothesis, regardless whether segregation models
are correctly specified.

Second, we compare the semiparametric method with
methods for linkage-disequilibrium analysis. Population
geneticists have developed several models, most of which
have been reviewed by Xiong and Guo (1997). The pri-
mary advantage of population-genetic models is their
efficiency in the mapping of complex traits, which be-
comes critical in fine-scale mapping. However, their ap-
proach requires several key assumptions about popu-
lation genetics, such as the age of an isolated population
and the new mutation rate in the study population. Nev-
ertheless, when these assumptions are met—for example,
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in studies on “young” and “isolated” populations (e.g.,
Finnish communities)—their approach becomes ex-
tremely efficient, because of incorporation of the evo-
lutionary history of the population. In studies of outbred
population, such as the U.S. populations, their approach
is still applicable, but the results must be interpreted
cautiously, since several key assumptions may be vio-
lated. In contrast, the method described here captures
an empirical association between putative disease alleles
and the SNP marker alleles, which results from popu-
lation-genetic forces, population admixture, or other
factors. Hence, this approach is expected to be more
robust than population-genetic models, and the robust-
ness permits its application to studies of outbred pop-
ulations. The primary trade-off is a potential loss in
efficiency.

Third, this approach is conceptually equivalent to the
TDT, since both tests can be used to detect combined
linkage and linkage-disequilibrium signals. Their key dif-
ference lies in the fact that the TDT detects nonrandom
transmission of disease alleles from founders to non-
founders, whereas the new method jointly estimates pa-
rameters for linkage and linkage disequilibrium, using
both founders’ and nonfounders’ data, respectively. The
primary advantage of the TDT is its robustness, since it
requires no assumptions about the putative disease
genes. However, the TDT does not utilize available phe-
notype data from founders and hence is less efficient than
the new approach. Furthermore, the TDT may fail to

locate the disease genes by means of markers that are
closely linked but are in linkage equilibrium.

The preceding discussion clearly indicates similarities
and differences between this semiparametric method and
many established model-based and model-free methods.
To gain further insights, it is essential to undertake nu-
merical comparison among these different approaches,
under different sampling scenarios. This activity will be
undertaken in the future.

In conclusion, the localization of putative disease
genes, without knowledge of their penetrances and cor-
responding allele frequencies, is challenging and requires
multiple strategies to detect their signals. SNP-chip tech-
nology promises a high throughput and efficient and
complete genotyping. With chip-based SNP markers,
this new method can be effectively used to localize pu-
tative disease genes, by means of both linkage signals
and linkage-disequilibrium signals. The limited simula-
tion experiment indicates the feasibility of the mapping
of complex traits such as cancer and coronary heart
disease.
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Appendix

A Likelihood and Its Score Function for Randomly Ascertained Families

Consider a likelihood of the observed data ( for one pedigree with one SNP marker,D,M,X)

f(D,M,X) � f(D,M,X,G,P) ∝ f(DFX,G)f(M,G,P) ,� �
G,P G,P

where the first equality holds for the marginal distribution and where the second proportionality holds, under the
assumption that phenotypes depend only on putative disease genes and covariates and that covariates are inde-
pendent of markers and phase indicators. The joint distribution f(DFX,G) of the phenotype, given the putative
disease gene and covariates, is obtained as a product of marginal probabilities, under the assumption of conditional
independence; that is, .f(DFX,G) � � f(dFx ,g )j j j j

The joint distribution f(M,G,P) is indexed by both the RF and the OR and is obtained via a decomposition
based on the pedigree (in this context, a pedigree is defined as a completely connected family tree). Every pedigree
has founders—those individuals whose parents are not included in the pedigree—and nonfounders. Let F � (j d

represent a set of founders. On the basis of genetic transmission, the joint distributionj is founder in the pedigree)
may be decomposed asf(M,G,P)

f(M,G,P) � � f(mFg ,p)f(g )f(p)� f(m ,g ,pFm ,g ,p ) ,j j j j j j j j [j] [j] [j]
j�F j�F

where the notation [j] denotes the subscripts of parents of the jth nonfounder. The distribution f(gj) among founders
may be simplified to be the product f(gj1)f(gj2), where f(gj1) and f(gj2) are binomial and where f(pj) has a uniform
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distribution at the marker locus for the founder. So this distribution function is fully specified, given f(mjFgj,pj) for
founders and f(mj,gj, pjFm[j],g[j],p[j] ) for nonfounders.

Among founders, the distribution f(mjFgj,pj) is specified, given the phase indicator (pj) and the putative genotypes.
If the phase indicator , then the paternal and maternal haplotypes are gj1mj1 and gj2mj2, respectively; otherwisep � 1j

( ), and then the resulting haplotypes are gj1mj2 and gj2mj1, respectively. Hence, the distribution f(mjFgj,pj) mayp � 0j

be represented as

¯p pj jf(mFg ,p) � [f(m Fg )f(m Fg )] [f(m Fg )f(m Fg )] ,j j j j1 j1 j2 j2 j1 j2 j2 j2

where , and the conditional distribution of the marker allele, given the putative disease allele—for example,p̄ � 1 � pj j

f(mj1Fgj1)—can be modeled via logistic regression (1), which estimates log OR for linkage disequilibrium. After the
logistic model is substituted into the above distribution, some algebraic simplification leads to

∗exp (am � bz )j jf(mFg ,p) � ,j j j [1 � exp (a � bg )][1 � exp (a � bg )]j1 j2

where , and ; and gjl here is coded to be 1 and 0, for∗ ¯m � m � m z � p (m g � m g ) � p (m g � m g )j j1 j2 j j j1 j1 j2 j2 j j2 j2 j2 j1

the A and a alleles, respectively.
Among nonfounders, the joint distribution f(mj,gj,pjFm[j],g[j], p[j] ) is specified by the recombination process, with

phase indicators and putative genotypes. Let and indicate, respectively, whether the paternal (maternal)r � 1 r � 0jl jl

meiosis is informative or noninformative. Given the nature of the SNP marker, only if both the SNP markerr � 1jl

genotype and the putative genotype are heterozygous—that is, 0/1 and a/A. Resulting from this pair of SNP genotypes
and putative genotypes are four possible haplotypes: 0a,1a,0A and 1A. Furthermore, let and indicate,y � 1 y � 0jl jl

respectively, that the informative paternal (maternal) meiosis is recombinant or nonrecombinant. By directly com-
paring a child’s haplotype with his or her parents’ haplotypes, one can determine the recombination status; y �j1

if the paternal haplotype of the child is not the same as one of father’s two haplotypes, and otherwise.1 y � 0j1

Similarly, one can determine the maternal indicator yj2. Under the assumption that paternal and maternal RFs are
the same, the joint distribution f(mj,gj,pjFm[j],g[j],p[j]) may be represented as

Y Rj jf(m ,g ,pFm ,g ,p ) � [v/(1 � v)] (1 � v) ,j j j [j] [j] [j]

where is the count of the recombination events and is the count of the informativeY � r y � r y R � r � rj j1 j1 j2 j2 j j1 j2

meioses.
Taking the derivative of the log-likelihood function with respect to unknown parameters (v,a,b) results in the

score function of interest, log f(D,M,X)/ (v,a,b), which may be written as� �

� log f(mFg ,p) � log f(m ,g ,pFm ,g ,p )j j j j j j [j] [j] [j]f(G,PFD,M,X) � ,� � �[ ]�(v,a,b) �(v,a,b)G,P j�F j�F

where the first summation, SG,P, is over all possible putative genotypes and phase indicators, the first interior
summation, Sj�F, is over all founders, and the second interior summation, Sj�F, is over all nonfounders. Since
logf(mjFgj,pj) is not a function of the RF value, its derivative with respect to v equals zero, and an individual
derivative with respect to a may be obtained as

� log f(m ,g ,p)j j j � [m � E(m Fp ,g )] � [m � E(m Fp ,g )] � (1,1)F ,j1 j1 j j j2 j2 j j j
�a

where is a vector of residuals, and′F � [m � E(m Fp ,g ),m � E(m Fp ,g )]j j1 j1 j j j2 j2 j j

¯E(m Fp ,g ) � P(m � 1Fg )p � P(m � 1Fg )p ,j1 j j j1 j1 j j1 j2 j

¯E(m Fp ,g ) � P(m � 1Fg )p � P(m � 1Fg )p ,j2 j j j2 j2 j j2 j1 j

and the probability function is specified via logistic regression (1). The expression of the above-described score
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contribution is consistent with the usual expression of the score function under the exponential family (Zhao and
Prentice 1990). Now the derivative with respect to b has a similar expression and may be written as

, where and . Now let Zj denote a 2#2 matrix∗ ∗ ∗ ∗¯ ¯[� log f(m ,g ,p)/�b] � (g ,g )F g � p g � p g g � p g � p gj j j j1 j2 j j1 j j1 j j2 j2 j j2 j j1

in which the first row is the vector (1,1) and the second row is the vector . The above-described score∗ ∗(g ,g )j1 j2

function with respect to (a,b) can now be expressed in a familiar form, as .′� log f(m ,g ,p)/�(a,b) � Z Fj j j j j

Consider the second part of the above-described derivative of log f(mj,gj,pjFm[j],g[j],p[j]). Because this joint distri-
bution is not indexed by parameters (a,b), the corresponding derivative equals zero. The derivative with respect
to v can be obtained for the binomial distribution and may be expressed as .{1/[v(1 � v)]}(Y � R v)j j

Integration of the two parts of the above-described derivative leads to a general expression of the score function,

′Z F� j j� log f(D,M,X) j�F� � D,M,X] ,F1�(v,a,b) [ ]{ }(Y � R v)� j j
v(1 � v)j�F

where �(7FD,M,X) is the conditional expectation of the “full score function,” given the observed data. Besides its
obvious simplicity, this score function also has a simple interpretation; data from founders provide information
about linkage-disequilibrium association, whereas nonfounders provide information about linkage. Recognizing
that the preceding presentation of the general formulation is cumbersome, we have provided several key quantities
in the score-estimating equation for a nuclear family, as an illustration:

The likelihood function of the observed nuclear-family data is as follows:

f(D,M,X) ∝ f(d Fg ,x )f(d Fg ,x )f(g ,p ,m )f(g ,p ,m )� 1 1 1 2 2 2 1 1 1 2 2 2
g ,g p ,p1 2 1 2

n� f(dFg ,x )f(g ,p ,mFg ,p ,m )� j j j j j j [j] [j] [j]
j�3 g ,pj j

� f(d Fg ,x )f(d Fg ,x )f(m Fg ,p )f(m Fg ,p )f(g )f(g )� 1 1 1 2 2 2 1 1 1 2 2 2 1 2
g ,g p ,p1 2 1 2

n� f(dFg ,x )f(r ,y ,r ,y ) ,� j j j jp jp jm jm[ ]j�3 g ,pj j

where, in the simulation studies,

f(dFg ,x ) is the penetrance function for the jth individual, j � 1, ) ,6 ;j j j

¯p pj jf(mFg ,p) � [f(m Fg )f(m Fg )] [f(m Fg )f(m Fg )] , for founder j � 1,2 ;j j j j1 j1 j2 j2 j2 j1 j1 j2

exp [m (a � bg )]jl jlm 1�mjl jlf(m Fg ) � [P(m � 1Fg )] [P(m � 0Fg )] � ; l � 1,2 ;jl jl jl jl jk jl 1 � exp (a � bg )jl

f(g ) � f(g )f(g ), a product of two binomial probabilities for paired alleles ;j j1 j2

y 1�y r y 1�y r1 j1 j1 j2 j2 j2f(r ,y ,r ,y ) � [v (1 � v ) ] [v (1 � v ) ] ;j1 j1 j2 j2 1 1 2 2

y r �y r (1�y )r �(1�y )rj1 j1 j2 j2 j1 j1 j2 j2f(r ,y ,r ,y ) � v (1 � v) , if v � v � v .j1 j1 j2 j2 1 2
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The probability of the observed data, for putative paternally derived variables, is as follows (the probability for
maternally derived variables is expressible in similar form):

n

f(g ,p ,D,M,X) � f(d Fg ,x )f(d Fg ,x )f(m Fg ,p )f(m Fg ,p )f(g )f(g )� f(dFg ,x )f(r ,y ,r ,y ) .� �1 1 1 1 1 2 2 2 1 1 1 2 2 2 1 2 j j j jp jp jm jm[ ]j�3g ,p g p2 2 j, j

After computing this joint distribution, one can immediately obtain the conditional distribution

f(g ,p ,D,M,X)1 1f(g ,p FD,M,X) � ,1 1 f(D,M,X)

which is useful for several different computations.
The probability of the observed data, for the putative variable for the jth child, is as follows:

f(g ,p ,D,M,X) � f(d d g ,x )f(d d g ,x )f(m d g ,p )f(m d g ,p )f(g )f(g )�j j 1 1 1 2 2 2 1 1 1 2 2 2 1 2
g ,g ,p ,pi 2 1 2

n

[f(dFg ,x )f(r ,y ,r ,y )]� f(d Fg ,x )f(r ,y ,r ,y ) .′ ′ ′ ′ ′ ′ ′�j j j jp jp jm jm j j j j p j p j m j m[ ]′ ′j (j g ,p ′j mj

The paternal contribution to linkage disequilibrium in the estimating function is as follows:

u(b) � u (d ,g ,x ,p ,m )f(g ,p FD,M,X) .� b 1 1 1 1 1 1 1
g ,p1 1

where represents the paternal contribution to b, if all putative factors have been observed.′u (d ,g ,x ,p ,m ) � Z Fb 1 1 1 m 1 1 11

A similar expression is obtainable for maternal contribution, by replacement of ub(d1,g1,x1,p1,m1) by
ub(d2,g2,x2,p2,m2).

The contribution to the recombination in the estimating function is as follows:

u(v) � f(d Fg ,x )f(d Fg ,x )f(m Fg ,p )f(m Fg ,p )f(g )f(g )� 1 1 1 2 2 2 1 1 1 2 2 2 1 2
g g p p1 2 1 2

n

u (d ,g ,x ,p ,m )f(dFg ,x )f(r ,y ,r ,y ) � f(d Fg ,x )f(r ,y ,r ,y ) ,′ ′ ′ ′ ′ ′ ′� �v j j j j j j j j jp jp jm jm j j j j p j p j m j m[ ] [ ]′ ′j (jg ,p g ,p ′j j j mj

where uv(dj,gj,xj,pj,mj) represents the contribution to v by the jth child, if all putative factors have been observed,
and may be expressed as

�1u (d ,g ,x ,p ,m ) � [v(1 � v)] [Y � R v] .v j j j j j j j
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